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Unsteady Hybr id  Vortex Technique f o r  Transonic Vortex F1 ows 
and F1 u t t e r  Appl i c a t i o n s  
Osarna A. Kandi l  
T h i s  r e p o r t  covers the progress o f  research work performed under t h i s  
g r a n t  i n  the p e r i o d  o f  February 16, 1986 t o  October 15, 1986. Dur ing t h i s  
p e r i o d  o f  e i g h t  months, the f o l l o w i n g  tasks have been accomplished: 
1. I n t e g r a l  Equat ion Method o f  F u l l  P o t e n t i a l  Equat ions 
The i n t e g r a l  equat ion method has been extended t o  t r e a t  t ranson ic  f lows 
around a i r f o i l s .  Th is  i s  achieved by adding a ,  volume i n t e g r a l  term 
(corresponding t o  the f u l l  c o m p r e s s i b i l i t y  e f f e c t )  t o  the c l a s s i c a l  
sur face i n t e g r a l  s o l u t i o n .  The grad ien t  terms i n  the volume i n t e g r a l  term 
a r e  c a l c u l a t e d  by us ing mixed type d i f f e r e n c i n g  which i s  c o n s i s t e n t  w i t h  
the mixed nature o f  the t ransonic  f low.  The s o l u t i o n  i s  obta ined through 
successive i t e r a t i o n  cyc les  f o r  s u b c r i t i c a l  f lows. I n  a d d i t i o n  and f o r  
t ranson ic  flows, mixed type d i f f e r e n c i n g  i s  used and the Rankine-Hugoniot 
r e l a t i o n s  are s a t i s f i e d  across the captured shock. Moreover, shock panels 
a r e  e x p l i c i t l y  in t roduced and f i t t e d  t o  sharpen the captured shock. 
The method i s  a p p l i e d  t o  a i r f o i l s  i n  s u b c r i t i c a l  and c r i t i c a l  f lows and 
the r e s u l t s  a r e  i n  good agreement w i t h  the exper imental  data and the 
f i n i t e - d i f f e r e n c e  s o l u t i o n s  o f  the f u l l - p o t e n t i a l  and E u l e r  equat ions.  
The method has been a p p l i e d  e a r i l e r  t o  t ranson ic  vortex-dominated three-  
dimensional  f lows us ing  a low-order d i s t r i b u t i o n  o f  v o r t e x  panel s. 
C u r r e n t l y  the method i s  extended t o  so lve f o r  unsteady t ranson ic  f l o w s  
around p i t c h i n g  a i r f o i l s  and t o  so lve  f o r  the steady and unsteady 
t ranson ic  f lows around three-dimensional wings. 
The f o l l o w i n g  papers have been pub l ished o r  submi t t e d  f o r  p resenta t ions  
( copies are  at tached t o  t h i s  r e p o r t ) :  
a. "Transonic Flow Computation Using the I n t e g r a l  S o l u t i o n  o f  the F u l l  
P o t e n t i a l  Equations," Kandil ,  0. A. and Hong, H., submi t ted f o r  
p r e s e n t a t i o n  a t  the A I A A  F l u i d  and Plasma Dynamics Conference, 
Honolulu, Hawaii, June 8-10, 1987. 
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b. " F i n i  te-Vol ume and In tegra l -Equat ion Techniques f o r  Transonic and 
Supersonic Vortex-Dominated Flows," Kandi l ,  0. A . ,  Chuang, A. and 
Chu, L-C., ICAS-86-1.5.4, London, England, September 7-12, 1986, pp. 
629-640 (Val. 1). 
c. "Transonic Vortex Flow Past D e l t a  Wings-Integral  Equat ion Approach," 
A I A A  Journal ,  Vol. 24, No. 11, 1986, pp. 1729-1736. 
2. E u l e r  Equat ions S o l u t i o n  Using Cent ra l -D i f fe renc ing  F i n i t e  Volume Solver  
w i t h  Second and Four th  Order D i s s i p a t i o n  Terms 
Dur ing  this per iod,  we have implemented Jamesonls Cent ra l -D i f fe renc ing  
F i n i t e  Volume Method, which uses Runge Kut ta  t ime stepping w i t h  second and 
f o u r t h  order  e x p l i c i t  d i s s i p a t i o n  terms, i n t o  two computer codes t o  sclve 
f o r  v o r t e x  dominated f lows over a wide range o f  Mach numbers which 
i n c l u d e s  subsonic, t ranson ic  and supersonic regimes. 
The f i r s t  computer code solves f o r  the supersonic vortex-dominated f lows 
which i s  an e x a c t  con ica l  f l o w  f o r  steady i n v i s c i d  problems. The unsteady 
E u l e r  equat ions a r e  used to study conical supersonic v o r t e x  -dominated 
f l o w s  around d e l t a  wings w i t h  sharp and round edges. For sharp edges, 
separated f l o w  s o l u t i o n s  have always been ob ta ined w h i l e  f o r  round edges, 
separated and at tached f l o w  s o l u t i o n s  have been obtained. The s o l u t i o n  
f o r  round edges i s  dependent upon the l e v e l  o f  numerical d i s s i p a t i o n s  and 
t h e  g r i d  f ineness. We are  the f i r s t  t o  c o n c l u s i v e l y  show the s o l u t i o n  
dependence upon the numerical d i s s i p a t i o n  f o r  round edges. Recently, we 
have shown two a d d i t i o n a l  parameters upon which the s o l u t i o n  depends. 
These are  the t o t a l  pressure loss due to the edropy produc t ion  and the 
accuracy o f  e n f o r c i n g  the boundary cond i t ions .  
The second computer code solves f o r  the three-dimensional f lows i n  
subsonic, t ranson ic  and supersonic flows. The code i s  f u l l y  v e c t o r i z e d  
and i s  very e f f i c i e n t  (For  130,000 g r i d  po in ts ,  i t  takes 3,000 CRU f o r  900 
i t e r a t i o n  cyc les  u n t i l  convergence -- average r e s i d u a l s  o f  - on the 
VPS 32). The code has been used to so lve  f o r  t ranson ic  and subsonic 
v o r t e x -  dominated f lows and f o r  supersonic v o r t e x -  dominated f lows as 
w e l l .  The r e s u l t s  compare we l l  w i t h  the exper imental  r e s u l t s  a t  the chord 
s t a t i o n s  downstream o f  the  18% chord s t a t i o n  w i t h  130,000 g r i d  po in ts .  
F i n e  g r i d s  (300,000 p o i n t s )  are being tested. 
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Work i s  underway t o  so lve f o r  the  unsteady p i t c h i n g  and r o l l i n g  
o s c i l l a t i o n s  w i t h  t ime accurate schemes. 
The r e s u l t s  o f  t h i s  work have been r e p o r t e d  i n  the f o l l o w i n g  papers 





"Numerical D i s s i p a t i o n  E f f e c t s  i n  F i n i  te-Vol ume Eu ler  S o l u t i o n s  f o r  
Conical  Vortex-Dominated Flows," Kandi l  , 0. A. and Chuang, A., 
Spr inger  Verlag, Computational Mechanics, Theory and App l ica t ions ,  
E d i t e d  by G. Iagawa and S. A t l u r i ,  Tokyo, Japan, May 1986, pp. XI57- 
XI.64 (Vol. 11). 
" I n f l u e n c e  o f  Numerical D i s s i p a t i o n  i n  Computing Supersonic Vortex- 
Dominated Flows," Kandi l ,  0. A. and Chuang, A., A I A A  86-1073, May 
1986. Accepted f o r  p u b l i c a t i o n  i n  A I A A  Journal .  
"State o f  the A r t  o f  Computational Vortex Flows," Kandi l ,  0. A. and 
Chuang, A., S I A M  Nat ional  Meeting, Boston, Mass., J u l y  1986. 
" F i n i  te-Vol ume Eu ler  and Navier-Stokes Solvers f o r  Three-Dimensional 
and Conical  Vortex Flows Over D e l t a  Wings," Kandi l ,  0. A. an Chuang, 
A., A I A A  87-041, January 1987. 
3. Presenta t ions  and B r i e f i n g s :  
The P . I .  has g iven th ree  presenta t ions  and b r i e f i n g s  a t  the UAB-NASA 
Langley Research Center: 
a. B r i e f i q  t o  D r .  E l i g h  Turner, Wr igh t  Pat te rson AFB, on the Vortex- 
Dominated F1 ow work. 
b. B r i e f i n g  d u r i n g  D i v i s i o n  and D i r e c t o r a t e  Annual Review o f  the UAB 
Research work. 
c. Presenta t ion  t o  McDonald Douglas v i s i t o r s  to NASA Langley Research 
Center on the Steady and Unsteady Vortex-Dominated Flow research work, 
September 17,1986. 
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4. Organiz ing and Cha i r ing  Sessions on Vortex Dominated Flows 
The P. I .  has organized and chai red the f o l l o w i n g  sessions i n  the vor tex  
f l o w  ared ;  
a. "Vor tex Flows," A I A A  24th Aerospace Sciences Meeting, January 1986. 
b. "Computational Vortex Flows," SIAM Nat ional  Meeting, Ju ly  1986. 
c. "Vor tex Dominated Flows I & 11," A I A A  25th Aerospace Sciences Meeting, 
January 1987. 
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Extended A b s t r a c t  
Transonic flow Computation Using the Integral Solutiont 
o f  the Full Potential Equation 
Osama A. Kandil" and Hong Hu** 
Old Dominion Univers i ty ,  Nor fo lk ,  V A  23508 
Department o f  Mechanical Engineer ing and Mechanics 
Abstract 
The w e l l  developed sur face panel method i s  extended by adding a volume 
i n t e g r a l  term a l l o w i n g  the c a l c u l a t i o n  o f  the f u l l  e f f e c t  o f  
c o m p r e s s i b i l i t y .  The f u l l  e f f e c t  o f  c o m p r e s s i b i l i t y  i s  c a l c u l a t e d  by us ing  
mixed type f i n i t e  d i f f e r e n c e  scheme c o n s i s t e n t  w i t h  the mixed na ture  o f  
t r a n s o n i c  f low. The s o l u t i o n  i s  obtained through successive i t e r a t i o n  cyc les  
f o r  s u b c r i t i c a l  f lows and f o r  c r i t i c a l  f lows the s o l u t i o n  i s  ob ta ined through 
s a t i s f y i n g  the Rankine-Hugoniot r e l a t i o n s  across the captured shock i n  
a d d i t i o n  t o  the successive i t e r a t i o n  cycles.  Shock panels a r e  in t roduced t o  
sharpen the captured shock. The method i s  a p p l i e d  t o  a i r f o i l s  i n  s u b c r i t i c a l  
and c r i t i c a l  f lows and the r e s u l t s  are i n  good agreement w i t h  the exper imenta l  
data and f i n i  te -d i f fe rence so lu t ions  o f  the f u l l - p o t e n t i a l  and E u l e r  
equat ions.  
t T h i s  research work i s  supported by NASA Langley under Grant  No. NAG-l-Sgl. * 
** 
Professor,  A I A A  member. 
Ph.D Graduate Research Ass is tant ,  A I A A  member. 
1. INTRODUCTION AND BACKGROUND 
A t  the present  time, computational i n v i s c i d  f l o w  p r e d i c t i o n  methods 
a v a i l a b l e  t o  the aerodynamic designer can be devided i n t o  two types: f i r s t ,  
t h e  i n t e g r a l  equat ion methods more commonly known as panel methods o r  f i e l d  
panel methods o f  which the f i r s t  was t h a t  developed by Hess and Smith [l] and 
second, f i e l d  methods (which encompass F i n i  te-Di f ference,  F i n i  te-Vol ume and 
F i n i  te-Element methods) which have been e x t e n s i v e l y  developed f o r  t r a n s o n i c  
f l o w  f o l l o w i n g  the work o f  Murman and Cole C21. 
A b r i e f  rev iew of the s t a t e  o f  the a r t  o f  computat ional  t r a n s o n i c  
i n v i s c i d  f lows w i l l  be presented here. 
( a )  F i e l d  Methods i n  Steadv I n v i s c i d  Transonics 
The research f o r  i n v i s c i d  t ransonics has been made i n  major th ree  ways: 
( i )  the  t r a n s o n i c  smal l -d isturbance (TSD) fo rmula t ion ,  (ii 1 f u l l - p o t e n t i a l  
(FP) fo rmula t ion  and (iii) Euler  equat ion f o r m u l a t i o n  which inc ludes  the 
r o t a t i o n a l  i t y  e f f e c t .  
The f i e l d  methods o f  t ransonics a r e  the new ones, having e s s e n t i a l l y  
s t a r t e d  i n  1970. Murman and Cole [ 2 1  were the f i r s t  t o  achieve a s t a b l e  
t r a n s o n i c  s o l u t i o n  f o r  the two-dimensional TSD equat ion by us ing  the concept 
o f  type-dependent d i f f e r e n c i n g .  Soon a f t e r ,  t h i s  procedure was extended t o  
th ree  dimensional f lows f o r  swept-wing c a l c u l a t i o n s  by B a l l  haus and B a i l e y  C31 
and w ing-cy l inder  c a l c u l a t i o n s  by Bai ley and Bal lhaus C41. A t  about t h i s  same 
time, numerical procedures f o r  so lv ing  the t ranson ic  FP equat ion were being 
developed w i t h  s u i t a b l e  mapping procedures. Notable c o n t r i b u t i o n s  are  due t o  
Stegar and Lomax C51 and Garabedian and Korn C61, both  w i t h  nonconservat ive FP 
formul a t i  ons f o r  a i  r f o i  1 conf  i gura t i ons. The f i r s t  three-dimensional  
c a l c u l a t i o n  (nonconservat ive) was in t roduced by Jameson C71 and was used t o  
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solve the t ranson ic  f l o w  about wings. Subsequently, a s o l u t i o n  procedure f o r  
the conserva t ive  form o f  the FP equat ion was in t roduced by Jameson [8] and 
extended t o  th ree  dimensions by Jameson and Caughey [9, 101. 
Much o f  the r e c e n t  work i n  steady t ranson ic  p o t e n t i a l  f i e l d  methods has 
been devoted to f i n d i n g  b e t t e r  ways o f  s o l v i n g  the f u l l  p o t e n t i a l  equat ion  i n  
conserva t ion  form and to the development o f  more computa t iona l l y  e f f i c i e n t  
r e l a x a t i o n  schemes, such as f u l l y  imp1 i c i t  approximate f a c t o r i z a t i o n  (AF) o r  
mu1 t i g r i d .  Recently, several  methods which use the s t rong conserva t ive  form 
o f  the  unsteady E u l e r  equat ion have been developed t o  so lve  steady and 
unsteady t ranson ic  f lows. A t y p i c a l  method f o r  steady, two-dimensional 
t r a n s o n i c  f l o w  i s  developed by Jameson 1111. Basic research i n v o l v i n g  the  
E u l e r  f o r m u l a t i o n  f o r  steady t ransonic  a p p l i c a t i o n s  i s  c u r r e n t l y  i n c r e a s i n g  
and i s  expected to cont inue to do so as the p o t e n t i a l  a lgor i thms e n t e r  a more 
produc ti on-or i  en t e d  research phase. 
( b )  I n t e g r a l  Equat ion Methods i n  Steady I n v i s c i d  Transonics 
Al though a g r e a t  deal o f  progress has been made i n  s o l v i n g  n o n l i n e a r  
f l u i d  f l o w  problems by f i n i t e - d i f f e r e n c e  methods, these methods have n o t  y e t  
proved t o  be e a s i l y  adaptable t o  complex three-dimensional surfaces. The 
major techn ica l  obs tac le  to computing i n v i s c i d  t ranson ic  f lows about complete 
a i r c r a f t  i s  the d i f f i c u l t y  i n  generat ing s u i t a b l e  g r ids .  More r e c e n t l y ,  the 
d i f f i c u l t i e s  and r e l a t i v e l y  l a r g e r  computation t ime associated w i t h  f i e l d  
methods prompted a number o f  workers t o  recons ider  the a p p l i c a t i o n  o f  i n t e g r a l  
equat ion  methods t o  t ranson ic  f lows. 
Panel methods f o r  subsonic and supersonic aerodynamic appl i c a t i o n s  have 
been i n  use i n  the aerospace community s ince  the 1960s and have become 
ind ispensab le  t o o l s  i n  aerodynamic ana lys is  and design. 
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I n  the low-speed regime, methods which a r e  d i r e c t l y  o r  i n d i r e c t l y  
ob ta ined from the Green's f u n c t i o n  s o l u t i o n  ( I E M )  have been developed f o r  
steady and unsteady 3-D vor tex  flows. E x i s t i n g  methods o f  t h i s  type a r e  the  
Non l inear  Discrete-Vor tex methods C12-153, the Double-Panel methods C16-201, 
the Vortex-Panel method C21-221 and the Ve loc i  t y - P o t e n t i a l  -Panel method 
[23]. Flow c o m p r e s s i b i l i t y  has been accounted f o r  by us ing  the Prandt l -  
G l a u e r t  t ransformat ion,  based on the free-stream Mach number. 
Exac t  i n t e g r a l  equat ion fo rmula t ion  o f  the 2-0 subsonic f u l l  p o t e n t i a l  
problem have been s tud ied  by Luu e t  a l .  C241 and S t r i c k e r  C251. However, 
these methods are n o t  capable o f  dea l ing  w i t h  f l o w  w i t h  shocks. 
R e l a t i v e l y  1 i t t l e  (compared w i t h  f i e l d  methods) a t t e n t i o n  has been paid, 
so fa r ,  t o  i n t e g r a l  equat ion methods f o r  t ranson ic  f lows. c e r t a i n  approximate 
IEM f o r m u l a t i o n s  o f  the t ranson ic  smal l -per tu rba t ion  problem were s t u d i e d  
a l ready  i n  the pre-computer era, notably  by Oswat i tsch C261 and S p r e i t e r  
C271. Computerized and extended vers ions o f  the approximate I E M  were 
developed l a t e r  by, amongst others,  Nors t rud  [281, Crown C291 and Nixon 
C301. It should be remarked t h a t  the approximate IEM's mentioned above, a r e  
a l l  based on a specia l ,  p a r t i a l - i n t e g r a t i o n  form of the i n t e g r a l  equat ion f o r  
the t r a n s o n i c  small -d istrubance problem, which enables easy implementat ion o f  
approx imat ing assumptions on the decay o f  the p e r t u r b a t i o n  v e l o c i t y  away from 
the body. The approximat ing assumptions on the decay o f  the p e r t u r b a t i o n  
v e l o c i t y  and the s h o c k - f i t t i n g  character o f  these methods are  n o t  considered 
t o  be compet i t i ve  w i t h  FDM's. 
La ter ,  P i e r s  and S l o o f f  C311 developed a I E M  based on t ranson ic  smal l -  
d is t rubance theory. T h e i r  method does n o t  c o n t a i n  any approx imat ing 
assumptions and, through the i n t r o d u c t i o n  o f  a r t i f i c i a l  v i s c o s i t y  and 
d i r e c t i o n a l  bias, has a shock-capturing c a p a b i l i t y  s i m i l a r  t o  t h a t  o f  c u r r e n t  
FDM's. 
4 
The development o f  the numerical methods based on the f u l l  p o t e n t i a l  
equat ion  has been made d u r i n g  the  l a s t  two years. Kandi l  and Yates 1321 
developed a IEM f o r  steady t ransonic  f lows p a s t  d e l t a  wing, the r e s u l t s  show 
t h a t  the method i s  promising and e f f i c i e n t .  Oskam C331 developed a panel 
method f o r  the f u l l  p o t e n t i a l  equat ion a p p l i e d  to mu1 t icomponent a i r f o i l s .  
T h i s  method i s  accomplished by adding a f i e l d  d i s t r i b u t i o n  o f  source 
s i n g u l a r i  t i e s  t o  the convent ional  d i s t r i b u t i o n  o f  s i n g u l a r i  t i e s  over the  
boundar ies of the f i e l d .  A t  about the same time, Er ickson and Strande 1341 
used Green's T h i r d  I d e n t i t y  as a means t o  extend panel method t o  non- l inear  
p o t e n t i a l  f low, i n  which the concept o f  a r t i f i c i a l  dens i ty  i s  employed and 
o p t i m i z a t i o n  technique i s  used to make sure the t o t a l  c o m p r e s s i b i l i t y  i s  
conserved. L a t e r  on, S i n c l a i r  E351 pub l ished an exac t  IEM f o r  2-D steady 
t r a n s o n i c  f lows, which i s  s i m i l a r  to Er ickson 's  1341 method. 
The study o f  these i n t e g r a l  equat ion methods shows a very good p o t e n t i a l  
f o r  IEM to chal lenge w ide ly  used FD methods and t o  rep lace  FD methods i n  some 
f i e l d s  o f  p o t e n t i a l  t ranson ic  f lows, but,  the development of the I €  method i s  
f a r  f rom complete. Therefore, i t  i s  a chal lenge task t o  deve op t ranson ic  
i n t e g r a l  equat ion methods. 
2. ADVANTAGES OF INTEGRAL EQUATION METHODS 
The i n t e g r a l  equat ion method has severa l  advantages over the f i n i t e  
d i f f e r e n c e  method. The I E  approach invo lves  e v a l u a t i o n  o f  i n t e g r a l s ,  which i s  
more accura te  and s impler  than the FD approach i n  which the accuracy depends 
on the g r i d  s ize.  I n  I E  approach, g r i d  re f inement  and h i g h  order  source- 
v o r t i c i t y  and c o m p r e s s i b i l i t y  modeling can be used i n  order  t o  increase the 
accuracy. Moreover, the I E  method a u t o m a t i c a l l y  s a t i s f i e s  the f a r - f i e l d  
boundary c o n d i t i o n s  as O ( l / r )  o r  O ( l / r 2 )  and hence a small l i m i t e d  r e g i o n  
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around the source o f  d is turbance i s  needed. I n  FD method, g r i d  p o i n t s  a r e  
needed over a l a r g e  reg ion  around the  source o f  d is turbance and spec ia l  
t rea tment  i s  r e q u i r e d  t o  s a t i s f y  the f a r - f i e l d  boundary cond i t ions .  The IE 
method i s  computat ional ly  inexpensive, p a r t i c u l a r l y  f o r  unsteady f lows, and 
does n o t  suf fer  from the a r t i f i c i a l  v i s c o s i t y  e f f e c t s  as compared t o  FD method 
f o r  t r a n s o n i  c - f l  ow-shock-capturi ng. 
3. FORMULATION 
The work presented here i s  f o r  steady, i n v i s c i d  t r a n s o n i c  f lows around 
two-dimensional con f igura t ions .  
( a )  D i f f e r e n t i a l  Governing Equat ion and B.C.’s 
The governing equat ions o f  the two-dimensional, steady, i n v i s c i d  
compressible f l o w  are  g iven by 
Conservat ion O f  Mass 
Conservat ion o f  Energy 
I s e n t r o p i c  Gas equat ion  
*2 *2 l /y-1  * *  P /pa = (a /a ,I ( 3 )  
* * 
where Q i s  the t o t a l  v e l o c i t y  po ten t ia l ,  a* i s  the speed o f  sound, p i s  the 
densi ty ,  y i s  the r a t i o  o f  s p e c i f i c  heats, and the s u b s c r i p t  Q) r e f e r s  t o  the 
f reestream cond i t ion .  Combining equat ions ( 2 )  and ( 3 )  and us ing  V-, p, and a 
l e n g t h  R ( R  i s  the chord o f  a i r f o i l )  as the reference parameters, we o b t a i n  
the dimensionless equat ion f o r  the densi ty  p 
* *  
1 
P = c1 + M: (1 - ax 2 - a,)] 2 3  
where Ma, i s  the freestream Mach number. 
The dimensionless form of equation (1) i s  given by 
ax, + azz = G 
where 
G = - -  ‘p (P, ax + P, 4’ 
The boundary condi t ions a r e  gi’ven by 
( i )  Surface No-Penetration (kinematic) Condition 
( i i )  Kutta Condition 
* ‘PITE = 
( i i i )  I n f i n i t y  Condition 
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( 4 )  
(5) 
(6) 
(9) V @ + O  away from g 
where V i s  t o t a l  ve loc i ty  vector,  g ( r )  = 0 i s  body ( a i r f o i l )  sur face ,  C p  i s  
pressure c o e f f i c i e n t  and TE r e f e r s  t o  the t r a i l i n g  edge. 
( b )  In tegra l  Equation Solution 
The in t eg ra l  equation solut ion of Eq .  (5) f o r  a two-dimensional 
conf igura t ion  is g iven  i n  terms of the ve loc i ty  f i e l d  by 
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where S i s  shock surface, q and y are surface source and v o r t e x  d i s t r i b u t i o n ;  
r e s p e c t i v e l y .  
I n  Eq. ( l o ) ,  f i r s t  i n t e g r a l  i s  the c o n t r i b u t i o n  o f  the body thickness; 
second i n t e g r a l  i s  the c o n t r i b u t i o n  o f  l i f t i n g  o r  l i f t i n g  and th ickness o r  
th ickness  only;  t h i r d  i n t e g r a l  i s  the c o n t r i b u t i o n  due t o  the c o m p r e s s i b i l i t y ;  
w h i l e  l a s t  i n t e g r a l  i s  c o n t r i b u t i o n  due t o  shock. 
N o t  a l l  o f  the f i r s t  and second i n t e g r a l  terms i n  Eq. (10)  a r e  
n e c e s s a r i l y  inc luded i n  the c a l c u l a t i o n  o f  the v e l o c i t y  f i e l d .  For symmetric 
f lows, e i t h e r  f i r s t  i n t e g r a l  or  second i n t e g r a l  can be used; w h i l e  f o r  
asymmetric flows, e i t h e r  second i n t e g r a l  o r  both i n t e g r a l s  should be used. 
Note t h a t  the in tegrand o f  the volume i n t e g r a l  o f  Eq. (10)  decreases 
r a p i d l y  w i t h  i n c r e a s i n g  distance n o t  o n l y  because o f  the f a c t o r  
1 / ( ( x - s l 2  + (z-c)  ) b u t  a l s o  because G d imin ishes r a p i d l y  w i t h  i n c r e a s i n g  
d is tance.  Consequently, f o r  computational purposes, the vo l  urne i n t e g r a l  needs 
t o  be addressed on ly  w i t h i n  the immediate v i c i n i t y  o f  the body. 
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The reader should n o t i c e  t h a t  the d i f f e r e n c e  between the present  
f o r m u l a t i o n  and the formulat ions given by S i n c l a i r  C351 and by Tseng and 
Mor ino [36]. The present  fo rmula t ion  i s  based on the v e l o c i t y  f i e l d  i n  which 
the source term G conta ins  f i r s t  order d e r i v a t i v e s  o f  d e n s i t y  only,  and the  
normal v e l o c i t y  i s  d iscont inuous across the shock. The S i n c l a i r  and Tseng and 
Morino fo rmula t ions  are  both based on the v e l o c i t y  p o t e n t i a l  i n  which the  
Source term G conta ins f i r s t -  and second-order d e r i v a t i v e s  o f  the v e l o c i t y  
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p o t e n t i a l  and the v e l o c i t y  p o t e n t i a l  i s  cont inuous across the shock. The 
p r e s e n t  f o r m u l a t i o n  has two advantages over the v e l o c i  t y - p o t e n t i a l  
formulat ion:  (1) o n l y  f i r s t - o r d e r  d e r i v a t i v e s  need t o  be c a l c u l a t e d  by f i n i t e  
d i f fe renc ing ,  and (2 )  one does no t  need t o  c a l c u l a t e  d e r i v a t i v e s  o f  the 
v e l o c i t y  p o t e n t i a l  i n  order  t o  d e t e c t  the shock fo rmat ion  s ince the v e l o c i t y  
f i e l d  i s  c a l c u l a t e d  d i r e c t l y  i n  the present fo rmula t ion .  
( c )  Shock-capturing and S h o c k - f i t t i n g  Technique 
Before s w i t c h i n g  to  the nex t  sect ion f o r  numerical procedure i t  i s  wor th 
d iscuss ing  the l a s t  i n t e g r a l  term o f  Eq. (10). 
For t r e a t i n g  t ranson ic  f lows, we consider  two techniques - shock- 
c a p t u r i n g  and shock- f i  t t i n g  techniques. A 1  though these techniques are  w e l l  
known, we examine here t h e i r  a p p l i c a t i o n  t o  the i n t e g r a l  equat ion formulat ion.  
I n  the s h o c k - f i t t i n g  technique, the c o n t r i b u t i o n  o f  the shock t o  the  
v e l o c i t y  f i e l d  i s  represented by an e x p l i c i t  sur face - i n t e g r a l  term, the l a s t  
term o f  Eq. (101, and the shock s t rength  qs i s  g iven  by the normal v e l o c i t y  
increment  across it. Thus 
qs = - (VIn - Vp,) (11) 
B u t  i n  the shock-captur ing technique, the l a s t  term o f  Eq. (10) i s  n o t  
n e c e s s a r i l y  i n c l  uded, s ince the volume i n t e g r a l  i t s e l f  imp1 i c i  t l y  i n c l  udes the 
shock sur face c o n t r i b u t i o n  1323. 
Therefore,  f o r  shock-captur ing technique Eq. (10) becomes, 
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We w i l l  use both shock-capturing and shock-f i  t t i n g  techniques f o r  p r e s e n t  
work. 
4. SOLUTION PROCEDURE 
The whole s o l u t i o n  procedure w i l l  be descr ibed by th ree  p a r t s :  (1) 
d i s c r e t i z a t i o n  o f  equations, ( i i )  i t e r a t i v e  procedure f o r  s u b c r i t i c a l  f lows, 
and ( i i i )  t reatment  o f  c r i t i c a l  flows. 
( i )  D i s c r e t i z a t i o n  o f  Equations 
Eq. (12) expresses the s o l u t i o n  to  the p o t e n t i a l  equation, Eq. (51, as the 
sum o f  f o u r  terms, the f i r s t  th ree  terms are  the standard panel method terms 
and t h e  l a s t  term i s  a volume i n t e g r a l  i n  the f i e l d  descr ibed above. The 
a i r f o i l  sur face i s  d i v i d e d  by a number o f  s t r a i g h t  panels w i t h  l i n e a r  source 
and/or v o r t e x  d i s t r i b u t i o n .  The f i e l d  i s  d i v i d e d  i n t o  a number o f  r e c t a n g u l a r  
meshes except  a t  the a i r f o i l  sur face where t rapezo ida l  elements a r e  used. The 
va lue o f  G i s  taken t o  be cons tan t  over each mesh. F igure  1 shows the a i r f o i l  
panels and f i e l d  meshes. A f t e r  d i s c r e t i z a t i o n  o f  equations, the i n t e g r a l  
equat ion  s o l u t i o n ,  Eq. (121, becomes 
N 
(2-C) 7 - (x-E) ii ds 1 
2 k  + - E  2n bY 2 
k = l  gk (x-t;) + ( 2 - e )  
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( x - e )  i + (Z-C) i; IM JM 
i = l  k=l A (x-5)  + (z-C) 
1 
2x i j  2 2 
i j  
+ - C  C G I/ 
where N i s  t o t a l  number o f  sur face panels, IM x JM the 
meshes, A i j  the area o f  each f i e l d  meshes. 
( i i )  I t e r a t i v e  Procedure f o r  S u b c r i t i c a l  Flows 
The main d i f f e r e n c e  between standard panel methods 
methods ( o r  f i e l d  panel methods) i s  due t o  the volume 
dSdC 
t o t a l  number of f i e l d  
and i n t e g r a l  equat ion  
i n t e g r a l  t e r m  i n  Eq. 
(13).  T h i s  term i s  a non- l inear  term and t h e r e f o r e  u n l i k e  the standard panel 
method, the s o l u t i o n  cannot be obtained d i r e c t l y  and an i t e r a t i v e  procedure i s  
necessary. For simp1 i c i  ty, we discuss the i t e r a t i v e  procedure f o r  s u b c r i t i c a l  
f lows f i r s t .  
The i t e r a t i v e  c y c l e  i s  descr ibed below. 
Step 1 
A standard panel method c a l c u l a t i o n ,  w i t h  G = 0, i s  employed t o  ge t  qg 
Step 2 
C a l c u l a t e  G fo r  each mesh by us ing  the  l i n e a r  c o m p r e s s i b i l i t y ,  
2 G = MaD ux, where ux i s  c a l c u l a t e d  f r o m  the r e s u l t s  o f  Step 1. 
Step 3 
Enforce the no-penetrat ion c o n d i t i o n  and K u t t a  c o n d i t i o n  t o  g e t  new qg 
o r  yg. I n  t h i s  step, the c o n t r i b u t i o n  o f  G i s  included. 
Step 4 
C a l c u l a t e  G by us ing non- l inear c o m p r e s s i b i l i t y ,  Eq. (6). I n  t h i s  step, 
by using Eq. (131, compute d e n s i t y  ( p )  by Eq. ( 4 )  we f i r s t  c a l c u l a t e  ax and 
and p, and p, are computed by cent ra l  d i f f e r e n c i n g  f o r  s u b c r i t i c a l  f lows. 
Step 5 
Enforce no-penetrat ion c o n d i t i o n  and k u t t a  c o n d i t i o n  again t o  so lve f o r  
Repeat Steps 4 and 5 u n t i l  qg o r  y and G converge. 
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each step, the pressure c o e f f i c i e n t  i s  computed by 
Y 
I n  
where V = l p l  . 
se l f - induced v e l o c i t y  must be t r e a t e d  c a r e f u l l y .  
Note t h a t  when c a l c u l a t i n g  the pressure on the surface, the  
( i i i )  Treatment o f  C r i t i c a l  Flows 
Several  key p o i n t s  have been used f o r  t r e a t i n g  t ranson ic  f l o w s  w i t h  
shocks: 
( 1 )  For the c r i t i c a l  f l o w  w i t h  shocks, a mixed type f i n i t e  d i f f e r e n c e  
must be a p p l i e d  t o  c a l c u l a t e  px and p, ; c o n s i s t a n t  w i t h  the mixed nu ture  o f  
t ranson ic  f low. The l o c a l  Mach number i s  c a l c u l a t e d  by 
( 2 )  The c o n d i t i o n s  behind the shock are  determined by us ing  the Rankine- 
Hugoniot  r e 1  a t ions :  
(16.a) 
v 2 t  = " l t  (16.b) 
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(16.c) 
( 3 )  Shock panels a re  in t roduced i n  o rder  t o  sharpen the d i s c o n t i n u i t y  i n  
f l o w  p r o p e r t i e s .  The panels a re  added a f t e r  several  i t e r a t i o n s  when the  
l o c a t i o n  of the shock i s  f ixed.  The o r i e n t a t i o n  o f  the shock panels i s  
determined by Rankine-Hugoniot equation. 
l/2 
+ %I -1 1.2 s i n  ( 8 )  s i n  ( e )  cos ( p  - p = s i n  [ 
M1 
where p i s  the shock angle and 0 i s  the r e l a t i v e  d i r e c t i o n  o f  the f low behind 
the  shock t o  t h a t  ahead o f  the shock. The s t r e n g t h  o f  shock i s  g i v e  by 
5. NUMERICAL EXAMPLES 
A s c a l a r  program has been developed t o  implement the s o l u t i o n  procedure 
o f  the shock capturing-shock f i t t i n g  technique. To prove the concept and 
v e r i f y  the a lgor i thm,  the code i s  app l ied  t o  NACA0012 a i r f o i l  a t  d i f f e r e n t  
Mach numbers and d i f f e r e n t  angles of a t tack.  
CASE A S u b c r i t i c a l  Flows 
Fig.  2 shows a comparison o f  the present  r e s u l t s  w i t h  exper imental  data 
f o r  incompress ib le  f l o w  a t  a = 0' . A t o t a l  o f  140 panels i s  used f o r  whole 
c a l c u l a t i o n s  over upper and lower  a i r f o i l  surfaces. Two d i f f e r e n t  modeling 
opt ions,  source panel modeling and vor tex  panel modeling, a re  a p p l i e d  
r e s p e c t i v e l y .  The comparison shows t h a t  the vor tex  panel modeling i s  b e t t e r  
than the source panel modeling. 
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Fig. 3a through Fig. 3c a re  f o r  the case o f  a = 0, Ma = 0.72 . Fig.  3a 
g i v e s  the comparison o f  the r e s u l t s  of the  two d i f f e r e n t  modeling methods w i t h  
E u l e r ' s  s o l u t i o n ,  and i t  i s  again shown t h a t  the v o r t e x  panel model ing i s  
b e t t e r  than the source panel modeling. Fig. 3b shows the e f f e c t  o f  the s i z e  
of computat ional  domain, w h i l e  Fig. 3c shows t h a t  the present  s o l u t i o n  
compares w e l l  w i t h  E u l e r ' s  s o l u t i o n .  
The n e x t  case i l l u s t r a t e d  i s  a l i f t i n g  case w i t h  a = 2' and MOD =0.63 . 
Fig. 4a shows the e f f e c t  o f  the s ize  o f  the computational domain and Fig.  4b 
shows the comparison o f  p resent  s o l u t i o n  w i t h  f i n i t e  d i f f e r e n c e  s o l u t i o n  o f  
the f u l l  p o t e n t i a l  equation. 
CASE B C r i t i c a l  Flows 
Fig.  5a shows the present  r e s u l t s  compared w i t h  the exper imental  data and 
Garabedian's f i n i t e  d i f f e r e n c e  so lu t ion .  The computat ional  domain used i s  
2c x 1.5 c as shown i n  Fig. 1. The p r o p e r t i e s  behind the shock are  c a l c u l a t e d  
us ing  Rankine-Hugoniot r e l a t i o n s  as g iven by Eqs. (16.a) - (16.c). The 
r e s u l t s  show t h a t  the present  i n t e g r a l  s o l u t i o n  method i s  capable o f  c a p t u r i n g  
a sharp shock. The l o c a t i o n  and s t rength  o f  the shock c a l c u l a t e d  here are  i n  
a very good agreement w i t h  the exper imental  data and the f i n i t e  d i f f e r e n c e  
s o l u t i o n .  Fig.  5b shows the e f f e c t  o f  shock panels on the shock s t rength .  
The comparison shows t h a t  the shock panels a re  e f f e c t i v e  f o r  sharpening the 
shock. Fig. 6 shows the l i f t i n g  case r e s u l t  f o r  a = 2O, Mcl, = .75 . The 
comparison shows good agreement. 
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6. CONCLUDING REMARKS 
The standard panel method has been extended to the t rea tment  o f  t ranson ic  
flows. The r e s u l t s  presented here show t h a t  the method i s  capable o f  
c a p t u r i n g  sharp shocks. The l o c a t i o n  and s t r e n g t h  o f  shocks a re  i n  a very 
good agreement w i t h  the experimental data and f i n i t e  d i f f e r e n c e  so lu t i ons .  
I n t r o d u c t i o n  o f  shock panels sharpens the shock w i t h  r e l a t i v e l y  coarse 
g r ids .  Present ly,  the method i s  appl ied to unsteady t ranson ic  f l o w  cases 
where the unsteady dens i t y  t e r m  i s  t reated as another volume i n t e g r a l  term. A 
t i m e - s p l i t t i n g  f i n i t e  d i f fe rence scheme i s  used to step the equat ion  i n  t ime 
w h i l e  the i n t e g r a l  s o l u t i o n  i s  used t o  compute the s p a t i a l  v a r i a t i o n .  The 
f u l l  l e n g t h  paper w i l l  i nc lude  transonic f l ow  cases i n  p i t c h i n g  motion. 
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